
The method applied here has been used for the analysis 
of several other cases, namely mass transfer between a 
spherical drop and the continuous phase, mass transfer 
into a turbulent liquid ( 5 ) ,  and mass transfer between 
a bubble and a pulsed liquid (6). In all these cases the 
convective-diffusion equation has form (4)  and the simi- 
larity variable ?1 = y1/[6(xl, t ) ]  enables it to be reduced 
to an ordinary differential equation for the concentration c 
and to a first-order partial-differential equation for 6 = 
S(x1, t ) .  

NOTATION 

c =  
co = 
D =  
h =  
k =  
R =  
t =  

u1 = 
v1 = 
w =  
z =  

u =  

z =  
x, y = 

concentration 
value of co for yi = 0 
diffusion coefficient 
film thickness 
wave number 
curvature radius 
time 
x component of velocity 
x1 component of velocity 
yi component of velocity 
wave velocity 
x1- wt 
function defined by E uation ( 12) 
coordinates in a fixel system of reference; dis- 
tance along the wall and distance to the wall in 

the case of a thin liquid film in wave motion 
xi  
yl 
OL 

f~ 

6 
A 

= arbitrary numerical constant 

Subscript ond Superscript 
o - 

= coordinate along the interface 
= distance to the interface 
= ratio of the wave amplitude to the average value 

= ratio of propagation velocity to the average veloc- 

= penetration depth by diffusion 

of h 

ity U 

7 = y1/6 

= the values of the quantities at yi = 0 
= time and y average values 
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The film-penetration model for mass transfer was de- 
veloped by Toor and Marchello (6) on the assumption 
that the average thickness of the liquid element had a 
finite value, L. Toor and Marchello showed that the film 
(7), penetration ( 2 ) ,  and surface-renewal (1) models 
were merely limiting conditions of their film-penetration 
model. Huang and Kuo (3) revised the film-penetration 
theory to include a first-order or pseudofirst-order chemi- 
cal reaction. Two further applications of the film-penetra- 
tion theory are presented here to describe mass transfer 
through a surface resistance with chemical reaction and 
mass transfer with chemical reaction in spherical drops. 

MODEL I-MASS TRANSFER THROUGH A 
SURFACE RESISTANCE WITH CHEMICAL REACTION 

The following model was postulated to describe the 
mass-transfer process across a place surface with a surface 

Joel Lee Smith is with the Shell Chemical Company, Houston, Texas. 

resistance by applying the film-penetration concept. 

(2)  
c=c,; x s o ;  t = O  

ac 
- D  (=>,=, = k, (CC-C); x =  0; t > O  (3) 

Equation (3) is the surface-resistance condition which is 
used instead of surface equilibrium because it is nearer 
the actual situation encountered in mass transfer opera- 
tions. The quantity (Ci - C) is the departure from surface 
equilibrium due to the surface resistance. 

The average rate of mass transfer over the entire surface 
is found by combining the rate for surfaces of age t with 
the age distribution function and by integrating over all 
ages: 

R =I- +( t>  + ( t )  dt (4) 
For this situation these functions are described as 
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+( t )  = se-st (6) 
When the transform of Equation ( 2 )  is taken, the solu- 

tion to the resulting ordinary differential equation readily 
yields the desired result for the average rate: 

R =  
s k ,  G(1- F )  (1  + e-2GL)  - 2 s  G k , ( E  - F ) e P G L  

(G + H) + ( G - H ) e - 2 G L  
( 7 )  

The complete solution is shown by Smith (5). 
As in the case of Toor and Marchello's and Huang and 

Kuo's film-penetration models, it is possible to show the 
generality of this model by findin the limiting conditions: 
(1) as the thickness of the liquif element approaches in- 
finity, the limiting condition must correspond to Danck- 
werts's surface-renewal theory; and ( 2 )  as the surface re- 
newal rate approaches zero, the limitin condition must 

by Smith ( 5 ) .  
The Effects of Surface Resistance 

The effect of surface resistance with no chemical reac- 
tion on the proposed model is investigated by means of 
the dimensionless group y. Figure 1 shows the plots of 

the reduced mass transfer coefficients, 

correspond to the film theory. These con i itions are shown 

k l ' ( + +  k , )  and 
k ,  ~ ' 7 %  I .  

, versus y at various values of surface-re- kl' (D + k , L )  
k,D 

sistance coefficient, k,, with K = 0. The curves shown are 
those for which the liquid-phase resistance is controlling, 
( k ,  = 1.0 cm./sec.j [equivalent to that reported by 
Huang and Kuo ( 3 ) ] ,  and the two resistances are approxi- 
mately equal ( k ,  = 0.005 cm./sec.). The third case, for 
which the surface resistance is controlling ( k ,  = 0.0001 
cm./sec.), is hi horizontal line with a value of unity for 
any y value. I t  is not presented. In all cases the value used 
for \/mar D / L  was 0.005 cm./sec. 

As may be seen from Figure 1, there is a zone of y 
values for which there is considerable disagreement in 
mass transfer coefficients predicted by the simpler theories 
(film and surface renewal) and transfer coefficients pre- 
dicted by the film-penetration concept. Figure 1 can be 
used as a qualitative guide as to which model may be used 
to calculate mass transfer coefficients. 

Effect of Chemical Reaction on Mass Transfer Rates 
The effect of chemical reaction on mass transfer rates 

is of considerable interest and may be discussed in terms 
of the ratio of the chemical mass transfer coefficient to 
the physical mass transfer coefficient, k l /k { .  Many of the 
models predict practically the same values for this ratio. 
For the model presented here the ratio of transfer coeffi- 
cients is 

SURFACE RCNEVAL THEORY FILM THEORY 

5 1.0 I' 5 10 50  

Fig. 1. Effect of  dimensionless group y. 

Film theory: 

with 

Surface renewal theory: 

with 
R, d/Ds Z r - = -  
RF k, 

To tesi the seiisitivity of Equation ( 8 ) ,  values of kl/k,' 
were found for the film-penetration model, the film model, 
and the surface-renewal model at various values of M ,  Z, 
(or N )  , and y. However, since the surface-renewal model 
contains the dimensionless parameter, Z ,  and the film 
model contains N ,  the values of which differ by the square 
root of y, the ratios of mass transfer coefficients were com- 
pared only at y = 1. 

The ratios of mass transfer coefficients were compared 
at M values from 0.1 to 2,500 and at a 2 value of unity. 
This shows the variation of k l /k [  with M for the situation 
of the liquid film and interfacial resistances equal. For M 
values below 0.1 and above 50, all three theories predict 
the same values for the effect of chemical reaction on mass 
transfer. For M values lying between 0.1 and 50, the 
maximum deviation is 1.7% occurring at M = 5.0. All 
three models predict a limitin value of 2 at high M val- 

whereas the limit of this ratio is equal to the square root 
of M for Z very small. 

Two other conditions of resistances were examined: (1) 
liquid-film resistance controlling ( k ,  = w )  and (2)  inter- 

ues for the rate of mass trans B er coefficients (at 2 = 1);  

The ratio of kl/k[ for both the film theory and the sur- 
face-renewal theory can be found by combining the rate 
equations for mass transfer with and without a chemical 
reaction, 

facial resistance controlling (k, = 0). The former case was 
investigated by finding the limit of Equation (8)  as 2 
+ 0. The resulting expression was identical to that re- 
ported by Huang and Kuo ( 3 ) .  The Iatter case was ex- 

Page 1208 AlChE Journal November, 1967 



amined by finding the limit of Equations (8)  to (10) as 
2 (or N) approaches 00. The limit, in all three equations, 
for any value of M was equal to 1. In other words, the 
chemical mass transfer coefficient is equal to the physical 
mass transfer coefficient since both depend only on the 
coefficient of'surface resistance. For any k,, the curve from 
the film-penetration model lies between the curves of the 
simpler models. 

REACTION IN SPHERICAL DROPS 
The most difficult problem in developing a theoretical 

model which will allow the prediction of mass transfer co- 
efficients into a drop is the unknown internal-circulation 
pattern. Some success might be achieved if the exact cir- 
culation pattern can be ignored and only its effect on the 
volume near the surface is considered. The model pre- 
sented here is an attempt to apply the film-penetration 
concept to drops which are assumed to be spherical over a 
time-averaged period. Mass is assumed to penetrate into 
the outer region of the drop, which is composed of small 
fluid elements. These fluid elements in the outer shell of 
the drop are assumed to be constantly replaced by the 
circulation pattern inside the drop caused by the move- 
ment of the drop. The lifetime of each element is assumed 
to be independent of its age. Zero resistance in the contin- 
uous phase is assumed. 

MODEL II-MASS TRANSFER WITH CHEMICAL 

The model can be described by 
- = D ( - + - - ) - K C ;  aC a2c 2 ac 
at dr2 T ar 

( a - L )  L r L a  (11) 
C = Ci; T = a; t > O  
c = 0; r L ( a - L ) ;  t > O  
c = 0; r 4 a ;  t = O  

with the mass transfer rate found from Equation (4)  with 

The solution to Eauations (11) and (12) vields 

Rea!rangini and solving for the physical mass transfer co- 
efficient ( = o)  gives 

Equation (14) is in the form of a Sherwood number in 
terms of the dimensionless groups y and W. The group 7, 
defined as D/sL2, is the ratio of turbulent to stagnant mass 
transfer resistances. 

In the limit of s = 0, or no surface renewal, Equation 
(14) becomes identical to the solution for a hollow, stag- 
nant sphere with a radius of ( a )  and (a - L ) .  

D ( a L L )  ~ k{ = 
aL 

In the limit of very high renewal rates, Equation (14) be- 
comes 

This result is obtained for any surface-renewal model if 
the renewal rate becomes high enough to prohibit com- 
plete penetration by the solute of any of the surface ele- 
ments. 

Skelland and Wellek found experimentally ( 4 )  that 
their mass transfer coefficient varied with the diff usivity 
of the solute raised to the 0.787 power. This was within 
the range predicted by Equation (14) and indicated an 
average value of y of about 2. 
Effect of Chemical Reaction 

results of a mass transfer model with and without a c em- 

k{ = dZX (16) 

a the 
Important insights may be obtained by comparin 

ical reaction. For the present case, this ratio can be defined 
as 

In the limit of low renewal rates, Equation (17) becomes 

and for high renewal rates 

The effect of y on the ratio of mass transfer coefficients 
is small unless the element thickness, L, is nearly half the 
drop radius. This situation, however, would not seem to 
be physically possible. 
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a =  
C =  
ci = 

c, = 

D =  
E =  
F =  

G =  

H =  
I =  
K =  
kl = 
k{ = 
k, = 
L =  
M =  
N =  
N =  

R =  
Ri = 

R,' = 
&" = 

s =  

T =  

t =  
u =  
v =  
w =  
z =  
x =  

drop radius, cm. 
concentration of diffusing species, g.-moles/liter 
equilibrium concentration of diffusing species, g.- 
moles/liter 
concentration of diffusing species in bulk liquid, 
g.-moles/liter 
molecular diff usivity, sq.cm./sec. 
co/s 
C o / ( K  + 8 )  

k , /D 
Ci/S 
reaction rate constant, sec.-l 
chemical mass transfer coefficient, cm./sec. 
physical mass transfer coefficient, cm./sec. 
surface resistance coefficient. cm. /sec. 

d F  

I ,  

average thickness of liquid element, cm. 
K D /  ( k 0  
Z d; (film penetration) 

radial distance, cm. 
average mass transfer rate, g.-moles/sq.cm. sec. 
resistance in liquid element (film penetration), 
sec./cm. 
resistance in liquid element (film), sec./cm. 
resistance in liquid element (surface renewal), 
sec./cm. 
surface renewal rate, sec.-l 
time, sec. I 

D/Lks, (film) 

coth ( l / d ? / ( Z  4- 1) 
coth (l/dd - W d y  
L / a  
linear distance, cm. 
ratio of surface to liquid film resistances 

Greek Letters 
y = D/sL2 
4 ( t )  = element-age distribution function 
$ ( t )  = mass transfer rate for an element of age t ,  g.- 
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